Abstract. In this work we recall the definition of matrix immanants, a generalization of the determinant and permanent of a matrix. We use them to generalize families of symmetric and antisymmetric orbit functions related to Weyl groups of the simple Lie algebras An. The new functions and their properties are described, in particular we give their continuous orthogonality relations. Several examples are shown.
Introduction
Immanants, i.e., matrix functions connected to irreducible characters of symmetric groups, were introduced and studied by Littlewood [1] . They are widely used in algebraic combinatorics, e.g., immanants of certain matrices whose entries are symmetric functions define the Schur functions. The best known immanants are the determinant and the permanent of a matrix. The determinant is well known from its extended use in linear algebra. Many results on the permanents can be found in the seminal book of Minc [2] . Other interesting applications are obtained in the connection with positive semi-definite Hermitian matrices. Recently they have been used in a mathematical description of three-channel optical networks [3, 4] . In [5] the authors use immanants to analyze coincidence rates in connection with BosonSampling BosonSampling computation originally introduced in [6] . Immanants also appear in statistical physics, see [7] . See also recent experiments on permanents in [8, 9, 10, 11] .
For every symmetric group S n there are several immanants defined, their numbers being equal to the number of corresponding conjugacy classes of the group. In this work we use immanants to generalize symmetric and antisymmetric orbit functions, families of multivariable complex functions related to Weyl groups of simple Lie algebras A n . These functions can be written as the determinant and permanent of a particular matrix of order n + 1, see [12] . By considering general immanants of the same matrix we obtain new families of functions. We study their properties, e.g., their symmetries with respect to elements of the Weyl group A n , their products and continuous orthogonality.
Symmetric and antisymmetric orbit functions were studied in detail in [13, 14] . Their orthogonality relations can be found in [15] and their discretization is completely described in [16] . Other families of orbit functions are defined in the connection of even Weyl subgroups and so-called sign homomorphisms [17, 18, 19] .
The paper is organized as follows. Chapter 2 reviews some facts from the theory of characters of finite groups and the definition of immanants of a matrix. In Chapter 3 we present the connection between the symmetry group S n+1 and the Weyl group of simple Lie algebra A n , see, for example, Refs [12, 13] . Immanants functions of W (A n ) are then defined in Chapter 4, including examples and properties for the particular case n = 2. The main result lies in Chapter 5, where we generalize some properties of immanants functions and we prove Theorem 3 describing continuous orthogonality of immanant functions. We conclude with several remarks in Chapter 6.
Character tables and immanants
2.1. Irreducible characters of symmetric groups. Immanants are a generalization of the determinant and permanent of a matrix defined using irreducible characters of symmetric groups. In this subsection we list some well known facts about irreducible characters which will be used in what follows. For a good review of the theory of immanants of finite groups see [20] .
[ρ] (1) (12) Table 1 . Character tables of S 2 , S 3 and S 4 . The standard cycle notation for the conjugacy class representant is used.
Let G be a finite group. It can be written as a union of its conjugacy classes. Irreducible characters χ map each class to a complex number. The number of conjugacy classes equals the number of irreducible characters. The values of characters are then listed in so-called character tables, see Table 1 .
Row orthogonality relations hold, i.e., for every irreducible characters χ k , χ l we have
where |G| denotes the order of the group G and δ kl is the Kronecker delta. It also holds that for every element g ∈ G, χ(g −1 ) = χ(g). This implies that if every g ∈ G is conjugated to its inverse then all the characters have real values. This is a case for example for all the symmetry groups.
Finally, we will need the following formula for the convolution of characters [21] :
where d k is the degree of the character χ k , i.e., d k = χ k (id).
2.2.
Immanants. Let A be a matrix of order n, A = (a ij ). A product of entries of the form a 1i1 a 2i2 . . . a nin corresponds to the element Π of the symmetric group S n given by Π(1, 2, . . . , n) = (i 1 , i 2 , . . . , i n ). For each conjugacy class [ρ] of S n we denote by C ρ the sum of all product of the matrix entries of the above form. The immanant corresponding to the irreducible character χ k of S n is defined as
where χ k (ρ) denotes the value of the character χ k on the conjugacy class [ρ] . We list the immanants corresponding to matrices of order 2, 3 and 4. Necessary character tables are listed in Table 1 and can be found for example in [1] .
• The group S 2 has two irreducible characters. The sums C 1 and C 2 are equal to
The immanant corresponding to the trivial representation gives in all cases the permanent of the matrix and the alternating representation gives its determinant. In the case of n = 2 these are the only ones.
• The character table of S 3 contains three characters. The sums C 1 , C 2 and C 3 are then Three irreducible characters induce three immanants. One is non-trivial in the sense that it is not equal to the determinant or permanent of the matrix.
• There are five conjugacy classes of the group S 4 with the sums C 1 , . . . , C 5 equal to There are five immanants, three of them non-trivial.
3. Symmetric groups and Weyl groups 3.1. Symmetric group S n+1 . Let the group S n+1 act on the ordered number set [l 1 , l 2 , . . . , l n , l n+1 ]. We introduce an orthonormal basis in the real Euclidean space R n+1 ,
and use the numbers l k as the coordinates of a point λ in e-basis:
We consider the orbit of the action of S n+1 on a point λ ∈ R n+1 and denote it by O Sn+1 (λ), where λ is the unique point of this orbit such that
If there are no coordinates l k in λ equal, the orbit O Sn+1 (λ) consists of (n + 1)! points. Subsequently we are interested only in points µ from the n-dimensional subspace H ⊂ R n+1 defined by the requirement
3.2. Lie algebra A n . Let us recall basic properties of the simple Lie algebra A n of the compact Lie group SU (n + 1), where 1 ≤ n < ∞. The Coxeter-Dynkin diagram, Cartan matrix C, and inverse Cartan matrix C −1 of A n are the following ones:
The simple roots α i , 1 ≤ i ≤ n, of A n form a basis (α-basis) of a real Euclidean space R n and we choose them in H:
Such a choice fixes the lengths and relative angles of the simple roots. They are of the same length equal to √ 2 with relative angles between α k and α k+1 (1 ≤ k ≤ n − 1) equal to 2π 3 , and π 2 for any other pair. As usually, we introduce third basis, the ω-basis in H ∼ = R n ⊂ R n+1 , as the Z-dual one to the simple roots α i :
Vectors ω i are called weights. The set of all integer combinations of weights is denoted by P and called the weight lattice,
Zω i .
The bases α and ω are related by the Cartan matrix:
Through the paper we assume λ ∈ H and we fix the notation for its coordinates relative to the ω-basis and euclidean basis:
The relations between coordinates in these basis are for example described in detail in [13] .
3.3. The Weyl group of A n . The Weyl group W (A n ) acts on H by permuting the coordinates in e-basis, i.e., it acts as the group S n+1 . Indeed, let r i , 1 ≤ i ≤ n be generating elements of W (A n ), reflections with respect to the hyperplanes perpendicular to α i and passing through the origin. Then the reflections r i correspond to adjacent transposition:
Because transpositions generate the full permutation group S n+1 , thus W (A n ) is isomorphic to S n+1 , and the points of the orbit O Sn+1 (λ) and O W (An) (λ) coincide. The affine Weyl group of A n is the infinite group which can be described as a semidirect product of the translation by integer combinations of the simple roots α i and the Weyl group, for more details see [16] . Its fundamental domain is a simplex F defined as the convex hull of the vectors ω i . (4) and (5). This matrix is related to two families of Weyl group orbit functions of A n , see [13, 14, 15, 16] . The symmetric orbit functions, also called (normalized) C-functions, for the group W (A n ), are defined for every
New types of functions for
where λ ∈ P . With the notation introduced in (6), these functions can be written as the immanant of the matrix A corresponding to the trivial character.
The C-orbit functions are invariant with respect to the Weyl group,
for every x ∈ R n and w ∈ W (A n ). Therefore, it is enough to choose
The second type are the antisymmetric or (normalized) S-orbit functions defined for every x ∈ R n by
In this case we have
i.e., the function equals the immanant corresponding to the alternating character. By the symmetries of S−orbit functions and the fact that they are identically zero on the boundary of the fundamental domain, we choose λ ∈ P ++ = n i=1 Z >0 ω i . In this case we call λ a strictly dominant point. These two families were studied in detail in several papers, e.g., [13, 14, 15, 16] . For the later use we give their continuous orthogonality relations [15] .
For every λ, µ ∈ P + it holds that
where |F | denotes the volume of the fundamental domain F , |W (A n )| is the order of the Weyl group of A n and stab W (An) (λ) is the stabilizer of the action of W on λ. Similarly, for every λ, µ ∈ P ++ it holds that
In particular, if µ = 0, the C-function becomes a constant equal to |W (A n )| and the equation (9) gives
We can rewrite it in terms of immanants as
In this work we are interested in the functions coming from the immanants Imm n+1,k , where k ≥ 3. In this case we can use the correspondence between the reflections and adjacent transpositions given by (7) . By [ρ] we can denote not only the permutations belonging to one conjugacy class, but also a subset of the Weyl group generated by elements corresponding to these permutation. The elements can be found by decomposing each permutation into adjacent transpositions. In terms of Weyl group the formula for immanants (3) becomes
χ k (w)e 2πi wλ,x .
4.2.
Weyl group of A 1 . For this group according to tables of characters there are only two types of immanants:
These two functions are up to a constant the cosine and sine functions or equivalently the Chebyshev polynomials.
4.3.
Weyl group of A 2 . Group W (A 2 ) is generated by two reflections, see (7) . It is a group of order 6 and it can be decomposed in its conjugacy classes as follows:
For this group according to character tables there are three immanants:
We obtain the cosine and sine functions of two complex variables, see [22] , and one new function, which is described in what follows. Firstly, let us write the function Imm 3,3 (λ, x) in the explicit form:
or, in terms of Weyl group
Unlike the C− and S− functions, this function is not invariant under the action of Weyl group. Nevertheless, the following relations hold
For the product with C− and S− functions we get by direct computation
These relations come from general formula for product of immanants (13) . One of the most remarkable properties of orbit function is their continuous and discrete orthogonality. The main theorem describing the continuous orthogonality relations of immanant functions and its proof are contained in the chapter 5.2. The following theorem is a special case for the functions Imm 3,3 .
Theorem 1. Let F be the fundamental domain of the affine Weyl group of A 2 and we denote the region
wF . Then for every 0 = λ, µ ∈ P + we have 3,3 (λ, x) is the zero function when λ is the zero vector. For every other choice of λ it is a function with non-zero real and imaginary part. In this paragraph we present several examples by plotting the real and the imaginary part of the function (see Figs. 1 and 2) . 
Examples of immanants of W (A 2 ). The function Imm

4.5.
Weyl group of A 3 . Group W (A 3 ) is generated by three reflections, see (7) . It is a group of order 24 and it can be decomposed into conjugacy classes as follows:
There are five immanants corresponding to the symmetric group S 4 :
We obtain the cosine and sine functions of three complex variables, see [22] , and three new functions. The implicit forms in the terms of Weyl groups are given below:
− e 2πi r1r3r2r1λ,x − e 2πi r1r2r1r3λ,x − e 2πi r2r3r2r1λ,x − e 2πi r1r2r3r2λ,x , Imm 4,4 (λ, x) = 3e 2πi λ,x + e 2πi r1λ,x + e 2πi r2λ,x + e 2πi r3λ,x + e 2πi r1r2r1λ,x + e 2πi r2r3r2λ,x + e 2πi r1r2r3r2r1λ,x − e 2πi r1r3λ,x − e 2πi r2r1r3r2λ,x − e 2πi r3r2r3r1r2r3λ,x − e 2πi r1r2r3λ,x − e 2πi r2r3r1λ,x − e 2πi r3r1r2λ,x − e 2πi r3r2r1λ,x − e 2πi r3r2r3r1r2λ,x − e 2πi r1r2r1r3r2λ,x ,
− e 2πi r1r2r3r2r1λ,x − e 2πi r1r3λ,x − e 2πi r2r1r3r2λ,x − e 2πi r3r2r3r1r2r3λ,x + e 2πi r1r2r3λ,x + e 2πi r2r3r1λ,x + e 2πi r3r1r2λ,x + e 2πi r3r2r1λ,x + e 2πi r3r2r3r1r2λ,x + e 2πi r1r2r1r3r2λ,x .
The symmetry properties and orthogonality relations follows from general results given in Chapter 5.
5.
Immanants of the Weyl group of A n 5.1. General properties of immanants of W (A n ). Weyl group W (A n ) is generated by n reflections and is isomorphic to the symmetry group S n+1 , with order |W (A n )| = (n + 1)!. Let n χ denote the numbers of its conjugacy classes, i.e., also the number of corresponding irreducible characters and immanant functions. Two of them are the C and S-orbit functions.
In what follows, we can suppose only λ = 0. Indeed, directly from the orthogonality of characters (1) we see that for λ = 0 and k ∈ {2, . . . , n χ }, the immanant function Imm n+1,k (λ, x) = 0 for every x; in the case of k = 1 we have Imm n+1,1 (0, x) = |W (A n )|. For every k ∈ {1, . . . , n χ } the following symmetries hold
We are interested in products of two different immanants. Direct computation give the following result. For every λ, µ ∈ P + and k ∈ {1, . . . , n χ },
In the case l = 1 we get
For the proof of the orthogonality of immanants we need the following lemma.
Lemma 2. Let 0 = λ, µ ∈ P + and k, l ∈ {1, . . . , n χ }. Then
Proof. We have
As the characters are class functions, we have χ w −1w w = χ (w) and χ w −1ŵ w = χ (ŵ), so we can write
Where the last equivalency is due to the invariance of Imm n+1,1 , or the C-orbit functions, given in (8) . Using the fact, that χ k (w) = χ k (w −1 ) and simplifying the sum limits we finally get
The proof of the second formula is analogous. We use the fact that the characters of symmetric groups are all real, therefore the complex conjugacy only changes the sign in the first argument of the immanant Imm n+1,1 .
5.2.
Continuous orthogonality of immanants of W (A n ). The main result of the paper is the following theorem describing the continuous orthogonality of immanant functions of Weyl group of any A n .
Theorem 3. Let W (A n ) be the Weyl group of A n and let F be the fundamental domain of the corresponding affine Weyl group. We denote F = w∈W (An) wF . Then for every 0 = λ, µ ∈ P + and every k, l ∈ {1, . . . , n χ } the following relation holds. In particular, for λ, µ ∈ P ++ it holds that In the last equation we substituted w =wŵ. According to equation (11), we need to investigate when the expression λ − wµ equals zero. Since λ, µ ∈ P + , this can happen only for λ = µ and w ∈ stab W (An) (λ). Using the relations (11) and (2) For λ, µ ∈ P ++ the stabilizer is trivial and the sum in above expression equals d k .
Concluding remarks
• The formula giving the volume of F for every Weyl group can be found in [16] .
• The orthogonality relation given by Theorem 3 holds also for C and S orbit functions, as they are just immanant functions Imm n+1,1 and Imm n+1,2 . Nevertheless, their orthogonality is fulfilled on smaller region, see (9) and (10).
• A natural question to ask is whether one can write also discrete orthogonality relations for immanants functions similar to those for orbit functions.
